If initial power on small scales is negligible, nonlinear mode coupling can transfer power from large scales to small scales, leading to a density perturbation spectrum on those scales. A functional method is applied to study this case on the basis of a Newtonian description of an expanding fluid in an FRW universe when matter dominated and the behavior of the density perturbation spectrum is investigated. ͓S0556-2821͑96͒06520-4͔ PACS number͑s͒: 98.65. Dx, 47.27.Gs, 95.30.Lz 
I. INTRODUCTION
The mode coupling of cosmological perturbation in a nonlinear regime has not been understood thoroughly owing to its complication. To produce a prediction, large N-body computer simulations must be employed. Analytical studies are hampered by nonlinear gravity and hydrodynamical effects. For this reason, it is beyond our effort to deal with such a problem at present. In this paper, we just study a simple model, anticipating that the result and method may shed new light on the whole question. Suppose at some early time the power spectrum is dominant on some large scales, and on small scales the perturbation is not important. That is to say, our model is a ''cutoff'' model, where the perturbation spectrum P(k)ϭ0 for kϾk c initially. Then the mode coupling will transfer the power from large scales to small scales. When a large number of modes are excited owing to nonlinear interaction, the system is said to be under turbulence. Then the perturbation spectrum is established on the small scales.
Actually, what we consider is an expanding fluid with a comoving boundary scale b . Inside the boundary the perturbations are thought to be negligible initially. Afterwards the perturbations are excited by those at or outside the boundary mainly through gravitation. After an assumption that a random external force can be introduced to take into account the effects of those perturbations outside, we give the considered fluid a statistical treatment.
The boundary b is thought to be much smaller than the horizon, so we can use the Newtonian equation to discuss the perturbation of the considered fluid in a FriedmannRobertson-Walker ͑FRW͒ universe when matter dominated. Using the functional approach of turbulence theory and together with the scale transformation group, we derive the effective information on the excited density spectrum.
The remainder of the paper is organized as follows. In Sec. II we introduce a characteristic functional describing perturbation and derive its property of scale transformation. In Sec. III we calculate the density perturbation spectrum according to the property of the scale transformation. In Sec. IV we give the discussion.
II. FUNCTIONAL PERTURBATION IN HUBBLE FLOW
When the scales of the perturbations we are considering are smaller than the horizon, the Newtonian equations that describe the evolution of a pressureless fluid are valid for studying these perturbations. The equations are, respectively,
Transforming the above equations into the comoving coordinates ͑x,u͒
where a(t) is the cosmological scale factor, we obtain ͓1,2͔ As we have said, we are interested in an expanding fluid with boundary scale b . If the perturbations with the comoving scales Ͻ b are negligible at some initial time t 0 , then we can take the approximation (␦/) t 0 ϭ0 for the perturbations inside the fluid. Afterwards the perturbations are excited by those at the boundary with scales ϳ b through nonlinear mode interaction among which the gravitation is the main mechanism. So when we discuss the expanding fluid with size ϳ b , the effects at boundary or outside it are not contained in Eqs. ͑1͒-͑3͒. As in hydrodynamics ͓3͔, we introduce a random external force f to take these effects into account. Then Eq. ͑7͒ becomes
To give the expanding fluid a statistical treatment, we introduce a characteristic functional ͑y,y ͒ϭ ͳ expͩ i ͵ ͕u i ͑ x,t ͒y i ͑ x͒ϩ␦͑x,t ͒y ͑ x͖͒dxͪ ʹ ,
͑12͒
where angular brackets denote the average over the ensemble of the random force f, and y i ͑x͒, y ͑x͒ are the functional arguments. Differentiating Eq. ͑12͒ and taking account of Eq. ͑6͒ and Eq. ͑11͒, one derives a closed equation for :
where ٌ i ϭ‫ץ/ץ‬x i , D i ϭ␦/␦y i ͑x͒dx, Dϭ␦/␦y ͑x͒dx; in which D and D i are functional derivatives, and we write out dx for the convenience of discussing the scaling transformation. Now we discuss the random force f in more detail. Although the density fluctuations may be not Gaussian, especially in nonlinear regime, the random force f, as a vector, can still be assumed Gaussian. We assume for simplicity that f is statistically isotropic, spatially homogeneous, and ␦ correlated in time. Its correlation function can be written as
Here B i j is dependent on time t because of universe's expansion, that is slightly different from the case in hydrodynamics ͓4͔. The tensor B i j can be written as
where b i j is the dimensionless tensor and invariant under scale transformation.
The inflationary prediction gives Harrison-Zel'dovich spectrum, (␦M /M ) hor Ϸconst or (␦M ) hor ϳM hor ϳt 3 ϳt at horizon crossing. After the perturbations come into the horizon, we may think they are transferred to the perturbations of small scales owing to nonlinear interactions until they reach the boundary ϳ b of the considered fluid and have effects on the fluid. This case is complicated but we assume for simplicity that in the transferring process there is no other growing factor except the growth of the perturbations themselves, say ͓5͔
where nϭ1 if ␦/Ͻ1; nу3 if ␦/у1. After all these considerations we obtain that the force by the density perturbations at the boundary varies with time in the form
where we have used the relation aϳt
, which is valid for the matter-dominated universe. Then from Eq. ͑14͒ we deduce the relation between B i j and t:
. ͑17͒
Now we calculate the term which contains f in Eq. ͑13͒.
where R͓f͔ denotes any functional of f, it follows that 
͑20͒
Then by making use of Eq. ͑11͒, we obtain the functional derivative
and because Eq. ͑6͒ does not contain f explicitly, we have
The insertion of Eqs. ͑21͒ and ͑22͒ in Eq. ͑19͒, gives
Substituting Eq. ͑23͒ into Eq. ͑13͒, we have
Let us discuss the scale transformation properties of the above functional equation. We take the time t 0 to be tϭ0; then the parameter a varies with time in such a way
when we study the case tӷt 0 , it can be approximated
.
͑26͒
To study the property of the functional , we make the following scale transformation of the parameters in Eq. ͑24͒: 
Ј͑xЉ͒A 1 2 Ј␣ 6 dxЈdxЉ.
͑28͒
In order to make Eq. ͑24͒ invariant under the scale transformation ͑27͒, the following conditions must be satisfied:
Putting A 1 ϭ␣ ␤ , then from Eq. ͑29͒ we get
The formula A 6 A 5 2 ϭ1 just expresses the scale invariance of the equation
Under the scale transformations satisfying Eq. ͑29͒, Ј and satisfy the same functional equation. Furthermore, in our model, the perturbations under the scale b are approximately zero at the time tϭ0, so Ј and satisfy the same initial condition
Then it follows that the functionals Ј and are the same, that is "yЈ͑xЈ͒,y Ј͑xЈ͒,Ј,aЈ, 0 Ј ,tЈ…ϭ"y͑x͒,y ͑ x͒,,a, 0 ,t….
͑33͒
This formula is exact although we have mentioned the approximation ͑26͒. If we replace the scale transformation with respect to t in Eq. ͑27͒ by tϩt 0 ϭA 5 ͑ tЈϩt 0 ͒, the result has no change. We can simplify the functional . In the starting equations ͑11͒ and ͑6͒, except for the random force f, 0 is only contained in the gravitation term. However, because of Eq. ͑31͒, the transformation of 0 can be reduced to that of t, so we can omit it in functional . Similarly, in Eqs. ͑11͒ and ͑6͒, the parameter a only appears in the following way:
which is not dependent on the transformation of a itself. Then, the functional is not related to a explicitly. Therefore, the functional can be expressed as ϭ"y͑x͒,y ͑ x͒,,t… and formula ͑33͒ is "yЈ͑xЈ͒,y Ј͑xЈ͒,Ј,tЈ…ϭ"y͑x͒,y ͑ x͒,,t…. ͑34͒
III. DENSITY SPECTRUM IN NONLINEAR REGIME
Below we will calculate the density perturbation spectrum according to the property of the scale transformation. We have
where D 0 ϭ␦/␦y ͑r 0 ͒, Dϭ␦/␦y ͑r 0 ϩr͒, and because the perturbations are assumed to be translationally invariant, the above equations do not depend on r 0 . Using the formula ͑34͒, we rewrite Eq. ͑35͒ in the primed variables:
͑36͒
If we assume ␣ϭ1/k, we get
For the isotropical turbulence, F does not depend on the direction k/k. Here we must point out that in deriving the above result we have used the locality hypothesis ͓3͔. This means that the scales of interest to us are far from the boundary b .
Because of Eq. ͑30͒, Eq. ͑37͒ can be written as
And from Eq. ͑17͒ we have
Then the time-related term in in the function F can be included in the t term. This leads to
We know that ͗␦ k ␦ k * ͘ grows with time as ͓see Eq. ͑15͔͒
we can write down
where
As ␤ is the arbitrary parameter of the scale transformation group, the result ͑40͒ should not depend on ␤; this implies ‫ץ‬F/‫␤ץ‬ϭ0. So we have
Then from Eqs. ͑40͒ and ͑41͒ we obtain
In linear regime, nϭ1. When nonlinearity begins, the density contrast grows faster and faster; that is nӷ1. Then according to Eq. ͑42͒ the index m of the density perturbation spectrum
is in the range
Ϫ1.9ϽmϽϪ1. ͑44͒
In highly nonlinear regime, we may have the result nу3. This can be understood in the following way. In the case of ␦у1, ϳ␦. As ϰt
Ϫ2
, we have ϰt Ϫ2 ␦ϰt Ϫ2ϩ(2/3)n . So only when nу3, mass density can accumulate and separate from the general expansion. Thus a more restricted range of spectral index can be obtained:
Anyway, we find in the idealized nonlinear growing limit ͑if not consider the mechanism of saturation͒, n→ϱ, the spectrum tends to k
Ϫ1
. From the power law form of the density perturbation spectrum, we can deduce the self-correlation function of the matter distribution ͓5͔
If we take the limit spectrum k
, then we get (r)ϳr Ϫ2 .
IV. DISCUSSION
The mode coupling of the perturbations, especially the power transfer from large to small scales or vice versa, is an important process in nonlinear regime. This leads to the redistribution of the initial power. In weakly nonlinear regime a perturbative analysis has been used to study the secondorder effects of mode coupling. A minimal k 4 spectrum is obtained by this perturbative method in the case of initial power restricted to a finite range of k ͓7͔. Then from the results of Shandarin and Melott ͓8͔, it seems that nonperturbative effects are important, changing the shape to k 3 at late times. Perturbative treatment ceases to be valid when nonlinearity becomes strong. But we can still get some aspects about nonlinear evolution from its analysis. It is found that on scales of interest to large-scale structure in the universe the dominant contribution to the weakly nonlinear evolution of most realistic power spectra comes from the mode coupling of long-wave modes ͓9͔.
We have dealt with the model in which the density perturbations below a scale is not important at initial time, similar to the ''cutoff'' model studied by Melott and Shandarin ͓10͔. Hence the small scale perturbations are excited by the nonlinear interactions with the long-wave modes, leading to a turbulence spectrum. This spectrum is calculated, using a functional method, which is nonperturbative. In the nonlinear growing limit, we find the spectrum tends toward k
Ϫ1
. The most striking thing is that our result coincides with the numerical experiments made by Melott and Shandarin ͓10͔. In their ''cutoff'' models, they found the shape ͑for large k͒ of the evolved power spectrum has a tendency to approach k
. And what is more, their paper and others ͓11,12͔ have shown that k Ϫ1 is an attractor of nonlinear evolution, quite insensitive to power spectrum in the initial conditions. Our result says that in a particular case it seems so, although the effects of mode saturation and virialization on small scales are not considered in our equations ͑these effects are the key point to avoid the blowup of the solution͒.
Often the nonlinear evolution result of an open system with a large number of degrees of freedom is a self-organization state, and the dependence on the initial condition is not important. This seems true for the formation of the cosmic large scale structure. But more efforts should be made to solve the whole problem.
